TESTING EFFICIENCY HYPOTHESES IN JOINT PRODUCTION:
A PARAMETRIC APPROACH C. A. Knox Lovell and Robin C. Sickles* I. Introduction N recent years a great deal of research has been directed to the modelling and measurement of technical and allocative efficiency in production. With few exceptions this research has been restricted to single-product firms.' However, recent developments in duality theory have facilitated the extension of this research to multi-product firms. The main purpose of this paper is to develop a model of the multiproduct firm in which the possibilities of both technical and allocative inefficiency are incorporated in an econometrically useful way. The first model we develop includes a nonneutral2 type of technical inefficiency and three distinguishable types of allocative inefficiency-output mix, input mix, and scale. Each type of inefficiency is costly to the firm, in the sense that each causes a reduction in profit beneath the maximum value attainable under full efficiency. The cost of each type of inefficiency depends on the magnitude of the inefficiency and the structure of the underlying production technology. In the second model we develop, technical inefficiency remains nonneutral, but allocative inefficiency is not generally decomposable into output mix, input mix and scale components. However, both technical and allocative inefficiency remain costly to the firm, the cost of each type of inefficiency depending on its magnitude and the structure of the underlying production technology.
We model the technology of a competitive profit maximizing multi-product firm with the dual profit function. This enables us to use Hotelling's Lemma to generate a system of profit maximizing output supply and input demand equations. These equations are then modified to allow for the possibility of technical and three types of allocative inefficiency. A virtue of using the profit function to represent production technology is that it permits a straightforward comparison of maximum profit under full efficiency with actual profit, and with the profit that would result from any combination of the four types of inefficiency. This enables us to allocate the cost of inefficiency to each of four components. Our model of inefficiency is parametric, and is embedded in a Generalized Leontief profit function, although any flexible specification of the profit function can be used.
The model is developed in sections II-IV. Estimation of the model is considered in section V. An empirical example designed to illustrate the workings of the model is discussed in section VI. Section VII concludes.
II. Efficient Production Technology
We consider a production unit employing inputs x = (xl,. ., x")-0 to produce outputs v-(Y, ., y,n) ' 0. The set of all technologically feasible input-output vectors is given by the production possibilities set T, which is assumed to satisfy the following regularity conditions: T. 1: T is a nonempty subset of f'n+n, and if (y, -x) E T then y = 0, x _ 0; T.2: T is a closed set which is bounded from above; T.3: T is a convex set; T.4: If (y, -x) E T, then (y', -x') E Tfor all 0 c y'
THE REVIEW OF ECONOMICS AND STATISTICS
We now assume that the production unit takes output prices p = (P, . Although the Generalized Leontief specification of 7T satisfies 7T.1 and 7T.3 by construction, it leaves monotonicity (7r.2) and convexity (7T.4) as hypotheses to be tested.
III. Inefficiency
We now incorporate inefficiency into the model. The production unit is said to be technically inefficient if it operates on the interior of its production possibilities set, so that for observed input-output vector (y, -x) E T there exists (y', -x') E T such that (y', -x') --(y, -x).
Since (py' -wx') > (py -wx), technical inefficiency leads to a failure to maximize profit. The production unit is said to be allocatively inefficient if it operates at the wrong point on the boundary of its production possibilities set, given the output and input prices it faces and given its behavioral objective of profit maximization. Allocative inefficiency also leads to a failure to maximize profit.
The Generalized Leontief system of output supply and input demand equations can be modified to incorporate inefficiency in the following way. Technical inefficiency is modelled by adjusting the intercepts so as to permit a divergence between actual and profit maximizing output supplies and input demands. Allocative inefficiency is modelled, following Toda (1976) and Atkinson and Halvorsen (1980) , by assuming that the production unit adjusts output supplies and input demands to the wrong price ratios. Thus, I The profit function is discussed in Diewert (1973) 
IV. Consistent Allocative Inefficiency
Thus far we have ignored the fact that the production unit faces only four market prices, and only three independent market price ratios, although we have used six independent Oij's to model allocative inefficiency. Clearly the market price ratios can be expected to be consistent, in the sense that any three independent price ratios can be used to determine the remaining three price ratios. What is not so clear is whether the perceived price ratios as modelled by [Oij(qi/qj)] can be expected to be consistent also. That is, it is unclear whether or not an allocatively inefficient production unit can be expected to be consistent in its misperception of market price ratios. The preceding analysis, with three independent market price ratios and six independent perceived price ratios, permits inconsistent allocative inefficiency.
Consistent allocative inefficiency can be modelled as a constrained version of the preceding model. We simply constrain perceived price ratios to satisfy 
V. Estimation
The system of output supply and input demand equations developed in section III can best be estimated by seemingly unrelated nonlinear re-gressions (Gallant (1975) ). Letting G be the number of equations, the system can be written as The consistent allocative inefficiency model of section IV is estimated as a restricted variant of s When technical change is included it dominates the regressions, and although estimates of A and 0 are well behaved, they are rarely significant. When technical change is dropped from the model, estimates of A and 0 are highly significant but the implied profit function is not convex. This is consistent with the findings of Diewert and Parkan (1979) , who used non-parametric tests to conclude that this data base is not consistent with competitive profit maximizing behavior in the absence of an allowance for technical progress.
6 Like all other so-called 'full frontier" estimates of technical inefficiency, these order statistics are extremely sensitive to outliers in the data base. There appear to be four severe outliers in the data base: the first two and the last two observations. Estimated average rates of technical inefficiency based on the remaining 35 observations decline from 24.3% to 12.9% and from 36.7% to 17.8% for the two outputs, and remain virtually unchanged for the two inputs. We have tested a Generalized Leontief specification of the model on a data base for the U.S. economy over the period 1929-1967, using two outputs and two inputs. For the inconsistent inefficiency model we find substantial nonneutral technical inefficiency, and substantial output mix, input mix, and scale inefficiency, each of which is costly. However, neither null hypothesis of allocative efficiency nor consistent allocative inefficiency can be rejected at conventional levels of confidence.
We conclude by mentioning two factors that we have not incorporated into the model, and that may have influenced our empirical results. First, we have assumed markets to be competitive. However, the scale inefficiency we have found might actually represent a divergence between output prices and marginal revenues which presumably would result from monopoly pricing in the face of scale economies. Thus the 7 Eliminating the four outliers cited above in note 6 reduces estimated average rates of technical inefficiency associated with the two outputs from 25.5% to 12.4% and from 41.3% to 17.6%, respectively.
8 Annual values of forgone profit associated with technical and each type of allocative inefficiency for both models are available from the authors. 
